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Abstract

Based on the complex potential approach, the two-dimensional problems in a piezoelectric material
containing an elliptic hole subjected to uniform remote loads are studied. The explicit, closed-form solutions
satisfying the exact electric boundary condition on the hole surface are given both inside and outside the
hole. When the elliptic hole degenerates into a crack, the field intensity factors are obtained. It is shown that
the stress intensity factors are the same as that of isotropic material, while the electric displacement intensity
factor depends on both the material properties and the mechanical loads, but not on the electric loads. In
other words, the uniform electric loads have no influence on the field singularities. It is also shown that the
impermeable crack assumption used previously to simply the electric condition is not valid to crack problems
in piezoelectric materials. © 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

For decades, piezoelectric materials have found wide application in the electronic and elec-
tromechanical industries. These materials, however, have a disadvantage such as brittleness. Thus
the problems on fracture mechanics of piezoelectric materials have received much attention in the
last few years. A wealth of theoretical results have been presented by Parton (1976), Deeg (1980),
Pak (1990), Sosa and Pak (1990), Suo et al. (1992), Wang (1992), Sosa (1992, 1993), Pak and Tobin
(1993), Park and Sun (1995), Beom and Atluri (1996), Gao and Barnett (1996), Yu and Qin (1996),
Qin and Yu (1997), Zhong and Meguid (1997), and Zhao et al. (1997a, b). However, it should be
noted that up to now, the exact solution satisfying the real electric boundary is still quite limited.
This is because nearly all previous analyses mentioned above are based on an impermeable crack
assumption, that is, the crack faces are assumed to be impermeable to electric field, hence the
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electric displacement vanishes inside the crack. Using this assumption, one will arrive at the
following results: the stress intensity factors are the same as ones of isotropic materials while
electric displacement intensity factor only depends on the electric load at infinity. Moreover, it is
also found that the total energy release rate (Pak, 1990; Park and Sun, 1995) is always negative
solely in the presence of electric loading. As pointed out by Park and Sun (1995), this contradicts
available experiment observation. Thus, the validity of the impermeable crack assumption is
discussed by Pak and Tobin (1993), Hao and Shen (1994), Dunn (1994), Park and Sun (1995),
Zhang and Tong (1996), Kogan et al. (1996), and Sosa and Khutoryansky (1996).

In fact, the crack problems in a piezoelectric material should be considered as the electric
inclusion problems since the dielectric constant of the air or vacuum inside the crack is not equal
to zero. This implies that when the loads are given at infinity, the electric displacement on the
crack faces is also given indirectly and is in general not equal to zero. Consequently, many
investigators tried to obtain the solutions of the crack problem by examining the corresponding
inclusions problem in a piezoelectric material. Recently Sosa and Khutoryansky (1996) used the
series expansion method to address the plane problem of a transversely isotropic piezoelectric
medium with an elliptic hole. Their results show that the electric displacement is constant when
uniform mechanical and electric loads are applied at infinity. Kogan et al. (1996) studied the stress
and electric displacement field of a spherical inclusion in a transversely isotropic piezoelectric
material based on the complex potential. As a special case, they obtained the stress and electric
displacement of a penny-shaped crack, and pointed out in the first time that the electric dis-
placement is constant and the stresses are equal to zero everywhere solely in the presence of electric
loading. However, it should be noted that since a lot of constant coefficients are piled up in the
solutions given by Sosa and Khutoryansky (1996), Kogan et al. (1996), it is not easy to reveal
some coupling relations between mechanical and electrical fields.

In the present paper we examine the plane problem of an elliptic hole or crack in a transversely
isotropic piezoelectric solid subjected to uniform loads by using the Sosa and Khutoryansky’s
work (1996), and focus on developing a concise method. As a result, very simple solutions in the
form are obtained. Through these solutions, one can clearly see the coupling between mechanical
and electrical fields.

2. Basic formulation

Following Berlincourt et al. (1964), the general equations governing the thee-dimensional theory
of piezoelectricity in the absence of body forces and free charges can be written as

&; = SO+ GiiDr>  Ei = — GO+ BaDr (1a,b)
&y = %(”j,i—i_ uy), E=—a¢; (3a,b)

where 7, j, k, [ =1, 2, 3; 6, D;, B, u;, E; and ¢ are the components of stress, electric displacement,
strain, displacement, electric field and electric potential, respectively; s, gi; and f; stand for
elastic constants, piezoelectric constants, and dielectric constants, respectively; and a comma
indicates partial derivative.
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For a transversely isotropic solid referred to a Cartesian coordinate system x, y, z, assuming
that x—y is the isotropic plane and z is the poling direction, then the constitutive eqn (1) can be
simplified as

(e ][50 52 ;5 00 0 | (o] [0 0 g5]
Eyy S12 St S 0 0 Oyy 0 0 gs D
J &z L _ S13 13 833 0 0 J 0 . 0 0 g g D)\ )
2e., 0 0 0 s4 O 0 ., 0 g5 O D.
2¢.. 0 0 0 0 w544 0 0., gis 0 0
ey 00 0 0 0 2(si,—s12)]| [0y L0 0 0
(5.
E, 0 0 0 0 g5 0™ (B 0 07D,
Ef=—0 0 0 g5 0 0| =Ll Bin 0 |{D, (5)
E. 51 91 933 0 0 0 Zzy 0 0 PBs5llD.
LT

eqns (2)—(5) constitute a set of basic equations for the three-dimensional problems of transversely
isotropic piezoelectric media. In general, however, it is very difficult to analytically solve these
equations due to the mathematical complexities. In order to explicitly study the electromechanical
interaction, we only consider a special plane problem in this paper. If the plane of analysis is
chosen to be the x—y plane, it is clear from eqns (4) and (5) that the inplane electric fields couple
only with the out-of-plane elastic fields. This is a so-called antiplane strain problem (Pak, 1990;
Zhang and Tong, 1996; Zhong and Meguid, 1997). A more complete state of electromechanical
interaction can be observed if the plane of analysis is chosen to be the x—z plane or the y—z plane.
In the present work we choose the former, i.e., the plane strain problem in the x—z plane is
considered for the study of plane electromechanical phenomena. Moreover, for the purpose of
comparison with previous works (Sosa, 1991, 1992; Sosa and Khutoryansky, 1996), we further
assume that

=6y =6, =E =0

and rename the coordinates: x — x;, z — X,. In this case eqns (4) and (5) can finally be simplified
as (Sosa, 1991)

&

€1 ay, a;, 0 (o 0 by
€ = |12 Gy 0 [$020¢+| 0 by {Dl} (6)
2, 0 0 asllogs by 0 ’

011

El _ 0 0 b13 n 511 O Dl (7)
E, B by, by, 0 o2 0 02 |(Ds
012

where
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2 2
812 S12813 S13
ay =811 — s, dip = S13— s lyy = S33— s d33 = Sy4
811 811 811
s s g3
12 13 31
by, = <I—S >g31a by, =!]33—s 931, bis=g1s, 011 =P, 02 =P+ B
11 11 11

Now we have reduced a three-dimensional problem to a two-dimensional one governed by eqns
(6), (7), (2) and (3). Following Sosa (1991), the field solutions for the two-dimensional problem
can be expressed, respectively, as

(623,012,011 p = 2Rekz3:1 = o > Pi(z1)  Ze = Xy + X, (3)
{u,u,y) =2Re kil o> Gy Pi(zi), Imp >0 )
{E,E,>=2Re ki Kl L, > di(zi) (10)
{D,D,>=2Re kil Al e, — 1D @i(z1) (11)

3

¢(z;) = —2Re Z K @i(zy)

k=1

P = a, 1.“/%"1‘012_[7211/0 qr = (alzll/%‘i‘azz_bzz/lk)/ﬂk

by, +bs )i +b
jo= Lo bs DMy s e bz = de(z))z, (12)
511#k+522

where Re and Im denote the real and imaginary part; y, are distinct complex parameters to be
determined by the characteristic equation (Sosa, 1991), and ¢,(z;) are the three complex potentials
to be determined.

To find @,(z;), one can use the following boundary conditions:

3 s

2Re ) ¢ulz) = —J 15,ds (13)
k=1 0
3 'S

2Re Z ,uk(/)k(zk) = J lls ds (14)
k=1 0
3 'S

2Re Z ;Lk(Pk(Zk) = J\ D”dS (15)
k=1 0

in which ¢,; and ¢, represent the x, and x, components of the force, respectively; s is the arc-length
on the boundary; D, is the normal component of electric displacement.
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Fig. 1. An elliptic hole in a piezoelectric solid subjected to uniform loads at infinity.

For later use, we introduce the following matrix notation:

I 1 1
A=\ pa M
Al Ay s

It can be proved that 4 is nonsingular when u, are distinct. Below, we denote the inverse of 4 by
A=(As=4"

then we have the invertibility relation:
3
k=1

where 6) = 0 for i# jor d) =1 fori=j.

3. The solution to an elliptic hole

As in Sosa (Sosa, 1991; Sosa and Khutoryansky, 1996), we consider the two-dimensional
problem in a transversely isotropic solid containing an elliptic hole, with semi-axes a and b directed
along x,- and x,-axes, respectively (see Fig. 1). The uniform stress i3, 033, 655 and electric dis-
placement DY°, D5 are given at infinity. In addition, the hole is assumed to be free of forces and
external charges, but to be filled with homogeneous air.

3.1. Field solutions inside the hole L

Following Sosa and Khutoryansky’s study (1996), we assume that the electric potential,
¢o(x1, X,), inside L is of the following form:

Do(x1,X2) = —e;x;—eyX, (17)

where ¢, and e, are two real constants.
From eqn (17), the electric field components (EY, E9) and the electric displacement components
(DY, DY) inside L can be expressed as:
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a9 a¢
E(l):_aTi):ela E(Z]:_ax;):eb
D(l) = SOE(I)’ Dg = SoEg (lga*d)

where ¢, is the dielectric constant air inside the hole.

3.2. Field solutions in the material

For this problem, the complex potential in the material can be written as
0(zi) = Bizi+ ¢ (20) (19)

where ¢, (z,) is a holomorphic function outside L, in the z;-plane (L, is obtained from L in z-plane
by the affine transformation: z, = x; + w.x,) up to infinity (z;, = o0) and ¢, (0) = 0; B, are complex
constants to be determined from the far field loading conditions (Sosa, 1991).

Obviously the first term on the right of eqn (19) stands for the complex potential of an infinite
piezoelectric medium without hole subjected to the uniform loads at infinity. Using eqns (13)—(15)
and noting that in this case, the electro-elastic fields in the piezoelectric medium are the same
everywhere as those applied at infinity, one has on any arc-length that

3 'S

2 Re Z Bka = —Jv l;;ds (203)
k=1 0
3 'S
k=1 0
3 'S

2 Re Z ;LkBka = J DZ‘ dS (200)
k=1 0

where 17, 5, and D;’ represent the components of the force and electric displacement in a pie-
zoelectric medium without hole when the medium is subjected to the remote uniform loads, and it
is easy to prove that these components are related to the remote loads through the following
equations

s s
_J‘ t(zxids = —{ GTQdXz—ngzdxl

0 0

'S 'S
J‘ l?ovds - J\ G?O] dX2_O-1x2dxl

0 0

0 0

On the hole surface, the boundary conditions are
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J\ZZA‘dSZO
L
Jl“ds=0
L

J D,ds = J DYds = J D%dx,—DYdx,
L L L

¢ = (21a—d)

and there are the following relations:

. 1 1 . il do
x; =aconl,x, =bsinb,cond =—-|{oc+—|, sin0=—-(——0c|, do=— (22a—e)
2 o 2\o io

where ¢ = exp (i), 0 is the angle measured over a unit circle in counter-clockwise direction.
Substituting eqn (22) into eqn (21c¢) yields

1 N 1
J Dlds = — = [aDg <a+ >+ ibDY <a— )} (23)
. 2 o o
Substituting eqns (19) and (21a—) into eqns (13)—(15), and using eqns (20) leads to

3
_J\ l;idS+2Re Z (pko(zk) == O
L k=1

3
J Gds+2Re Y i, (z) =0
L k=1

3
J Dy ds+2Re Y. Ay (z) = J DYds, onlL (24a—)
L k=1

L

where

_J‘ t;cst= —J Giode2—O'302dxl
L L

J‘tlmvdsz J\ O-?Ol dX2_O-1w2dxl

L L

J Dy ds = J DY dx,— D% dx, (25a—)
L L

Substituting eqn (22) into eqn (25) results in

1 1 1
_J ds == [aafz <0'+ >+ ibo %y <0'— )}
L 2 o o
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1 1 1
J 1fyds = — [aa?% <a+ >+ibaﬁ (a— )}
L 2 g o
1 N 1
[ =~ fone (o Do (=1 s
L 2 o o

Let us now introduce the following mapping function z,({,):

a— b _atwb

Zk(gk) = Rk(C/(—i-ka;l), Rk = 7 , My = a_‘ukb

(27a—)
which transforms the exterior of the elliptic L, in the z,-plane into the exterior of a unit circle 7,

which is described by {, = g, in the complex plane {,, and then substitute eqns (23), (26) and (27)
into eqn (24), we have

g | N 1
2Re ) @, (0) = — ;| acs | o+ — | +ibohr|o— —
k=1 2 o G

3 1 N |
2Re Z WDy (o) = - [aa?’z <6+ )—i— ibo¥; <a— )}
K= 2 o o
SN 1 1\ . 1
2Re ) 4@ (0) = 2 a(Dy — DY) | o+ p +ib(DY — DY) | o — . (28a—)
k=1

where a notation @, () = ¢ [z:({)] is introduced.
Multiplying both sides of eqn (28) by da/(¢ —{,) and integrating over the whole unit circle
(Muskhelishvili, 1975), we obtain

3 1

Z O, () = — E[aa‘fz—iba?‘;z]é’,:l
k=1

3 1 \

Z W@, (C) = E[aafz—iboﬁ]é,jl
k=1

3 20,6 = JatDs —DY—ib(DF — DY (292-¢)

Solving eqn (29) yields
Or(z1) = a (i '(z1) (30)

where
3
i, = Z AkIFI
j=1

F =3[—(ac%,—iba?s), (act, — iboTy), a(D3 — DY) —ib(DY — D9)]” (31a,b)
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On the other hand, substituting eqns (12) together with eqns (19), (30), and (17) together with (22)

into (21d), we have, with a little arrangement, that
62t =0

where
3 e —
C = 2 Z (KkBkkak + KkBkRk + Kkakl) - (a€1 — ib€2)
k=1

Inserting eqns (31) and (27b,c) into eqn (33), and using eqn (10) leads to

¢ = aEY +ibEY +[a(D3 — DY) —ib(DY — DY)] z KA, +2 Z Z kA F,— (ae, —ibe,)
k=1j=

j=
Since all the points on the unit are the root of eqn (32), this implies that ¢, = 0, namely
Reck=0, Imck=0
Substituting eqn (34) into eqn (35) yields
akEY +a(D3 — DY) Cr+b(DY — DY)C;+2 Re Z Z kiNF,—aE} = 0
k=1

Jj=

3 2

bE2 +a(DOO DO)CI b(DOC DO)CR+2Im Z Z KkAk/F +bE(2) - O
k=1j=

where

3
cR:ReZK/A/v Cl_ImZ KilA,

=1
Using eqn (18c¢,d), eqn (36) can be reduced to
(D3 — DY)aeyCr+ (DY — DY)(a+ be,)Cy = b,
(D3 — DY) (b—agy)ey+ (DY — DY)beycr = b,
where

b, = aDY —agy EY —2¢, Re Z Z 1 N F;

k=1j=

3 2
bz = bDOC+b50E2 +280 Im Z Z K/(A/‘/

k=1j=
Solving eqn (38), one obtains

beyerby —(a+bey)eib,

Dy —DY = A

(32)

(33)

(34)

(35a,b)

(36a,b)

(37a,b)

(38a,b)
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aggcrb, — (b—agy)cib,

with
A = abeycy —(a+bey)(b—agy)ci (40)
Substituting eqns (30) and (31a) into (19), and using (27) leads to
Ze—~/ Zt — (@ + pib?)
0(z) = Bizi+ A Fr + A Fr+ A F5] g ;+ b : (41)
in which F;is determined by eqns (31b) and (39).
Taking derivative in eqn (41) with respect to z, results in
1 Zy
d)k(zk) - B/c+ [Alel + A/czFZ + A/€3F3] a+ l,LL/\b |:1 - m} (42)

4. The solution to a crack
4.1. The field solutions inside the crack
When the elliptic hole degenerate into a crack, let b = 0, then eqns (40) and (39a) become

2 2
A = a’eyci

3 2
—2agyeiIm Y, Y i AF,

k=1j=1
Dy — DY = (43a,b)
A
Inserting eqns (31b), (37b) and (43a) into eqn (43b) yields
3 3
0;2 Im Z K/(Akl _GC1L2 Im Z K/\'A/cz
k=1 k=1
Dy —DS = 5 (44)
Im ) xAy,
k=1
Noting that X7 _, i, Ay, is real (see Appendix), eqn (44) becomes
3
Im Z K/"A/"l
k=1
Dy —Dy=—5—0% (45)

Im ) KA,

k=1

Equation (45) shows that the normal component of electric displacement on the crack faces is not
equal to zero, which depends on both mechanical loads and electric loads.
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On the other hand, letting » = 0 in eqn (36a) leads to
3
E! = EY —Re 2 Kk[AkIO-?Z_Asz?OZ_Ak3(Dga_Dg)] (46)
k=1
in which DY — D) is determined by eqn (45).
Using eqn (18), one can obtain the other two components
D

EY = —, DY = ¢ EY 47)
0

4.2. The field solutions in the piezoelectric material

Letting » = 0 in eqns (42) and (31b) gives

S 1
¢i(z) = Bi— m + E.fko (48)
where
Jiy = _[Aklo'goz—/\kzg?cz—/\k}(Dgc—D(z))] (49)

Equation (48) together with eqns (49) and (45) shows that ¢,(z,) is independent of &, This means
the field solutions in the material are not related to ¢,.

According to the convectional definition, the field singularity coefficients at the crack tip, x, = a,
can be expressed as

(ky, Ky, kp) = /21 \I}I_pa (x,—a)"*(02, 015, D,) (50)
Substituting eqns (8) and (11) into (50), one obtains
3
(ki ko kp) = 2./2nRe lim (v, —a)"? 3. $e(x)(L, — e, — 4 (51)
X|—a =1

Substituting eqns (48) and (49) into eqn (51), and using eqn (16) gives

(klakka) =V na(o-;bafl’ungu_Dg) (52)
If assuming that D = 0 in eqn (52), one has

kp = /maD¥

which is the result obtained previously according to the impermeable crack assumption. Never-
theless, inserting eqn (45) into (52) yields
3

Im ) wA,

k=1
3

Im ) KA,

k=1

kD = kl (53)
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Equation (52) and (53) show that the stress intensity factors in a piezoelectric material are the
same as that of a common material while the electric displacement intensity factor depends on
material properties and the mechanical loads, but not on the electric loads. Especially when there
are only electric loads at infinity, one can see from eqns (48), (49) and (45) that

¢i(z) = By (54)

Equation (54) implies that in this case, the stress field vanishes and the electric field is uniform in
the material. Inside the crack, the electric field components are

DS
0 __ oo 0 __ 72
E\=E", E,=

0

5. Conclusions

The complex potential method is used to analyze the plane problem in piezoelectric materials
with an elliptic hole or crack. Exact solutions of the field intensity factors are presented. The
solutions are very concise in form and satisfy the real electric boundary condition. It is shown that
the stress intensity factors are the same as those obtained based on the impermeable crack
assumption, while the electric displacement intensity factor is different from the previous results,
it depends on both material properties and the mechanical loads, but not the electric loads.
Especially when the mechanical loads vanish at infinity, the solution in this case is given by the
uniform electric field and zero stresses everywhere in the material. In summary, the following
conclusions may be drawn:

(1) The normal component of electric displacement on the crack faces is not equal to zero, which
depends on the electric loads, mechanical loads and material properties.

(2) The electric loads have no influence on the field singularities.

(3) The singularity of electric displacement at crack tips depends on that of the stress.

(4) The field solution in piezoelectric materials are not related to the dielectric constant, ¢, of air
inside a crack, i.e. ¢, has influence only on the electric field inside the crack.

(5) The impermeable crack assumption is not valid in solving the fracture problems in piezoelectric

materials.
Appendix
3 3
Z KkAk2 = Z (b13+511/1/c)ﬂk/\k2
k=1 k=1

3

3
=by; ), e\, + 01, ) AactNic, (AD)
K=

k=1

where
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Ualy—3hs  Ao—Ay Uz— [y

A =[Ay] = A Hady—ids  As—Ay Uy — s (A2)
fida—lahy A=Ay Mo—
A= (A=A + (A — Ao + (A — A)s (A3)
It is easy to confirm from eqn (A2) that:

3

Z .ukAkz =1 (A4)
k=1

3 1

Z ;{k:ukAkz = A (1 A1 2o — i Ay 23) + (Mo Ao ds — s Ao ds) — (Uador Ay — p3dzdy)] (AS)
k=1

For transversely isotropic piezoelectric media, Sosa and Khutoryansky’s study (1996) shows that
Repy =Imi; =0,u; = _Eajﬁ =/ (A6)
Using eqn (A6), eqns (AS5) and (A3) can be reduced to

3 1 I . o
Z jL/c,uk/\kz = K[(ﬂliz;tz + i A Ao) + (UaAs Ao + o Ao dn) — (o da Ay + o Ao 2] (A7)
k=1

A = Gty + Zaft)) + Goapts + Ao ptn) — (A po + A1 ) (A8)
From eqns (A1), (A4), (A7) and (A8), one finds that X}_, r,A,, is real.
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